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The spin-splitting energies in biaxially strained bulk wurtzite material AlN are calculated using the
linear combination of atomic orbital (LCAO) method, and the equi-spin-splitting distributions in
k-space near the minimum-spin-splitting (MSS) surfaces are illustrated. These data are compared
with those derived analytically by two-band k  p (2KP) model. It is found that the results from
these two methods are in good agreement for small k. However, the ellipsoidal MSS surface under
biaxial compressive strain does not exist in the 2KP model, because the data points are far from the
C point. Instead, three basic shapes of the MSS surface occur in the wurtzite Brillouin zone: a
hyperboloid of two sheets, a hexagonal cone, and a hyperboloid of one sheet, evaluated from the
LCAO method across the range of biaxial strains from compressive to tensile. VC 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4720469]
I. INTRODUCTION
Spintronics has received considerable attention in the
field of semiconductor research in recent years. Several types
of transistors utilizing spin properties of semiconductors
have been proposed.1–3 One of these proposed spin devices,
the resonant spin lifetime (RSL) transistor, is based on the
special properties of the spin lifetime tensor arising from the
interplay between bulk inversion asymmetry (BIA) and
structure inversion asymmetry (SIA) in zinc-blende4 or
wurtzite5 quantum wells (QWs). In zinc-blende semiconduc-
tors, unstrained BIA yields a cubic-k term (called the Dres-
selhaus effect),6 while strain7,8 and SIA lead to a linear-k
term (named the Rashba effect)9 in the two-band k  p (2KP)
Hamiltonian. In bulk wurtzite semiconductors, there are also
two types of wurtzite bulk inversion asymmetry (WBIA)
effects.5,10–13 In the nearest-neighbor linear combination of
atomic orbitals (LCAO) model, the ideal wurtzite structure
yields only the type-II WBIA effect (called the Dresselhaus
effect in Ref. 10), while deviations from the ideal structure
caused by the crystal field or strain yield the type-I WBIA
effect (called the Rashba effect in Ref. 11). The type-II
WBIA effect induces a cone-shaped minimum-spin-splitting
(MSS) surface in the ideal wurtzite Brillouin zone. Since the
spin splitting on the MSS surface is generally very weak, it
can be regarded as a spin-degenerate surface.10 When the
crystal field and strain are taken into account, the type-I
WBIA effect induces a shape-controllable MSS surface (i.e.,
a MSS surface that can become a hyperboloid of two sheets,
a hexagonal cone, or a hyperboloid of one sheet) in the real
wurtzite Brillouin zone. Such a shape-controllable MSS sur-
face also makes the wurtzite material a potential candidate
for spintronic devices.5,10,11 Based on the mechanics of spin-
orbit interaction, the interplay between Rashba and Dressel-
haus effects will determine the shape of MSS surface of
wurtzite aluminum nitride (AlN), which is crucial informa-
tion in the band-engineering of AlN-based materials for spin-
tronic application. Consequently, the role of biaxial strain
and its influence on the MSS surface have to be solved when
one wants to engineer the AlN-based materials for spintronic
devices.
However, the shape of the MSS surface still has not been
studied under biaxial compressive strain. It requires a better
understanding of the change of spin-splitting energies near the
MSS surface in order to design spintronic devices, such as the
RSL transistor. Therefore, it is important to study the equi-
spin-splitting (ESS) distribution near the MSS surface, as
well. However, the ESS distribution near the MSS surface
under different strains is still unknown. In this paper, we shall
investigate from biaxial compressive to biaxial tensile strains
on the shapes of the MSS surfaces and the ESS distribution
near these MSS surfaces by using the LCAO method, and
compare these results to those obtained with the 2KP model.
We show that the MSS and ESS surfaces calculated by the
2KP model are in good agreement with LCAO calculations
for small k, but inconsistent for large k. It is also shown that
the ellipsoidal MSS surface predicted by the 2KP model under
biaxial compressive strain does not exist, because the MSS
data points are far from the C point in this case.
II. METHODS AND RESULTS
To calculate the spin-splitting energies in bulk wurtzite
materials, the band structures for both unstrained and biax-
ially strained wurtzite AlN are computed using the sp3
LCAO method with spin-orbit coupling. The Hamiltonian
H(~k) can be written in the form,
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where Haa0 ð~kÞ is the Hamiltonian without the spin-orbit terms
(a¼ : or ;), where ~k ¼ ~k== þ z^kz¼ k==ðx^coshþ y^sinhÞ þ z^kz,
~kx==CM
!
, and ~ky= CK
!
. The renormalized spin-orbit splitting of
the anion and cation p states (e.g., DN¼ 9meV and
DAl¼ 24meV) in HabSO (a,b¼ : or ;) is given in Refs. 14 and
15. The LCAO parameters are listed in Table I of Ref. 16.
When the crystal field is taken into account, the band structure
of the unstrained wurtzite material is obtained by differentiating
the bond in the [001] direction from the three other bonds.17
The corresponding LCAO parameters used in these strained
cases are obtained through Harrison’s d2 rule18–20 and modifi-
cation of the Slater-Koster coefficients21 from those of the ideal
wurtzite structure.16 The spin-splitting energies of the lowest
conduction band are obtained from the eigenvalues of the above
Hamiltonian H(~k).
In the 2KP Hamiltonian, the spin-orbit component induced
by the type-II WBIA effect is H0SOð~kÞ ¼ ðc0k2== þ k0k2z Þ
ðrxky  rykxÞ, where c0 and k0 are the type-II WBIA coeffi-
cients, and k0=c0  4:10 As the crystal field and biaxial
strain22 are taken into account, a perturbation term H0SOð~kÞ
¼ ðawz  c0k2== þ k0k2z Þðrxky  rykxÞ induced by the type-I
WBIA effect is added to the spin-orbit component, where awz, c0,
and k0 are the type-I WBIA coefficients.9–11,23 As a result, the
spin-orbit component of the 2KP Hamiltonian can be written as
HSOð~kÞ ¼ H0SO þ H0SO ¼ ðawz  cwzk2== þ kwzk2z Þðrxky  rykxÞ,
where awz, cwz, and kwz are the WBIA coefficients, as well as the
2KP parameters. Here, cwz ¼ c0 þ c0 and kwz ¼ k0 þ k0.10,11
The spin-splitting energy (dE) can be, therefore, described by10,11
dE ¼ 2k==ðawz  cwzk2== þ kwzk2z Þ: (2)
To calculate the MSS and ESS surfaces in k-space analyti-
cally using the 2KP model, we write Eq. (2) as 2cwzk
3
== 
2ðawz þ kwzk2z Þk= þ dE ¼ 0: Therefore, by calculating kz for
the MSS and ESS surfaces, the analytical solution as a func-
tion of k== with the 2KP model can be written as
kz ¼ 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dEþ 2awzk=  2cwzk3=
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2kwzk=p : (3)
kz must be real, therefore, according to this formula,
ðdEþ 2awzk==  2cwzk3==Þ  0, since kwz< 0 (see Table I).
For small k==, where
1
k==
>> k2==, the term containing
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dE
2kwzk==
q
in Eq. (3) dominates, and kz is proportional to 6 1ﬃﬃﬃﬃ
k==
p . It is
predicted that a sharp rise in kz takes place in the range of
small k== for the ESS surfaces. Conversely, for large k==,
where 1k==
 k2==, the term containing
ﬃﬃﬃﬃﬃﬃﬃﬃ
cwzk
2
==
kwz
r
in Eq. (3) domi-
nates, and kz is proportional to 6k==. It is, therefore, pre-
dicted that the ESS surface yields a linear behavior for large
k==. Here, the value of
awz
kwz
is very small (see Table I), and thus
it can be ignored.
To study the ESS distributions near the MSS surfaces in
bulk wurtzite materials, we show results for bulk AlN as
examples. First, we compare the spin splitting calculated by
the LCAO and the 2KP methods over the range of biaxial
strains22 from compressive through tensile, as shown in
Fig. 1. Second, we illustrate the ESS distribution near the
MSS surface under different biaxial strains by using the
LCAO method, as shown in Fig. 2. Finally, a comparison of
the ESS and the MSS surfaces under different biaxial strains
calculated by both the 2KP model and the LCAO method is
shown in Fig. 3. In our calculation, the 2KP parameters used
TABLE I. The 2KP parameters under different strains for wurtzite AlN used in this paper.
Strain% exx¼3.00% exx¼ 0% exx¼þ1.43% exx¼þ3.00%
2KP parameters awz ¼ 2:02455 awz ¼ 0:77011 awz ¼ 0:00720 awz ¼ 0:93568
(meV  A˚) (meV  A˚) (meV  A˚) (meV  A˚)
cwz ¼ 4:31701 cwz ¼ 2:25910 cwz ¼ 6:22200 cwz ¼ 11:18130
(meV  A˚3) (meV  A˚3) (meV  A˚3) (meV  A˚3)
kwz ¼ 37:57961 kwz ¼ 28:40268 kwz ¼ 23:11324 kwz ¼ 16:44389
(meV  A˚3) (meV  A˚3) (meV  A˚3) (meV  A˚3)
FIG. 1. Spin splitting as a function of k//under various external strains with
kz¼ 0 (p/c) in bulk wurtzite AlN for (a) a biaxially strained wurtzite struc-
ture with exx¼3.00%, (b) the unstrained wurtzite structure with exx¼ 0%,
and (c) a biaxially strained wurtzite structure with exx¼ 3.00%. These results
were calculated by using the LCAO and 2KP methods.
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for wurtzite AlN under different strain are obtained by fitting
the spin-splitting energy data from the LCAO method and are
listed in Table I. The signs of the 2KP parameters and the
shapes of the MSS surfaces are calculated by the 2KP and
LCAO methods for three ranges of biaxial strains from com-
pressive to tensile, as listed in Table II. The extension of the
2KP parameters as functions of external strains obtained from
our previous research, which can be referred from Ref. 11.
Figure 1 shows the spin splitting as a function of k==
under various external strains (exx¼3.00%, 0%, and
3.00%) with kz¼ 0 (p/c). Here, exx denotes the biaxial strain
tensor component, i.e., exx¼ eyy¼ða a0Þ=a0.22 a and a0
denote the strained and unstrained lattice constants in the
wurtzite structure, respectively. The open circles are
obtained from the nearest-neighbor LCAO method, and the
solid lines are the results of fitting to the 2KP model. As can
be seen, the results from the two-band model are in
good agreement with those from the LCAO method for
k//< 0.3 (p/c). Therefore, the 2KP parameters evaluated
from it are utilized for investigating the ESS surface near the
MSS surface under various external strains in bulk wurtzite
materials in the range of small k. For the compressively
strained (exx¼3.00%) and unstrained (exx¼ 0%) wurtzite
materials, the spin splitting calculated using the LCAO
method exhibits a linear behavior [see Figs. 1(a) and 1(b)].
These results imply that the type-I WBIA effect dominates
the spin splitting in both compressively strained and
unstrained wurtzite materials, due to the dominance of the
linear-k term. For the tensilely strained (exx¼ 3.00%) wurt-
zite structure, a spin-degenerate surface exists on the kz¼ 0.0
(p/c) plane in the wurtzite Brillouin zone [see Fig. 1(c)].
This is because in this case, the interplay between the linear-
k// and cubic-k// terms generates spin-degenerate points in the
plane of kz¼ 0.0 (p/c) in the tensilely strained wurtzites.11 In
the compressive strain, for large k//, the spin splitting pre-
dicted by the 2KP model is decreasing and smaller than that
using by the LCAO method. Conversely, in the tensile strain,
for large k//, the spin splitting predicted by the 2KP model is
much larger than that using by the LCAO method. Note that
for unstrained wurtzite, the 2KP model gives results that are
valid over a wide range of the Brillouin zone. For strained
wurtzite, the results predicted by the 2KP model are valid
near the zone center (k//< 0.3 p/c), but are not valid far from
the C point.
Figure 2 shows the ESS distribution near the MSS sur-
face in bulk wurtzite AlN under various external strains, as
calculated with the LCAO method. For a biaxially strained
wurtzite material with exx¼3.00% or exx¼ 1.43%, it can
be seen that the shape of the MSS surface is a hyperboloid of
two sheets or a hexagonal cone, respectively. The shapes of
the ESS distribution near these MSS surfaces have two basic
forms: a hyperboloid of one sheet, and an approximate,
asymmetric hyperboloid surface [see Figs. 2(a) and 2(b)].
For a biaxially strained wurtzite material with exx¼ 3.00%, it
is seen that the shape of the MSS surface is a hyperboloid of
one sheet. The shapes of the ESS distribution near this MSS
surface have three types: a hyperboloid of one sheet, an ap-
proximate, asymmetric hyperboloid surface, and an opposing
hyperboloid of one sheet [see Fig. 2(c)]. When k==¼ 0, the
high symmetry of the bulk material results in zero spin-
splitting energy (spin degeneracy) along the [001] direction,
due to time-reversal symmetry. Note that one type of the
ESS distribution is an approximate, asymmetric hyperboloid
surface not only near the MSS surface but also near this
spin-degenerate line (when k==¼ 0).
Figure 3 shows the ESS surface near the MSS surface
under different biaxial strains, as calculated by using both the
2KP model and the LCAO method. For a biaxially strained
wurtzite structure with exx¼3.00%, the shape of the ESS
(dE¼ 0.1meV) surface calculated by the 2KP model can be
seen to be in good agreement with that calculated by the
LCAO method for small k (k== < 0.05p/c and kz< 0.2p/c).
For large k, the shape of the MSS (dE¼ 0.0meV) surface cal-
culated by the 2KP model is ellipsoidal and is inconsistent
with that calculated by the LCAO method [see Fig. 3(a)]. We
note that the ellipsoidal MSS surface under biaxial compres-
sive strain predicted by the 2KP model does not exist, since
the MSS data points in this case are far from the C point. We
also note that the 2KP model predicts that a sharp rise in kz
takes place in the range of small k== on the ESS surfaces; this
result is consistent with that calculated by the LCAO method.
For the unstrained wurtzite material with exx¼ 0%, it is seen
that the shape of the ESS (dE¼ 0.1meV) surface calculated
FIG. 2. The ESS distribution near the MSS surface as a function of k//under
various external strains in bulk wurtzite AlN for (a) biaxial strain with
exx¼3.00%, (b) biaxial strain with exx¼ 1.43%, and (c) biaxial strain with
exx¼ 3.00%, as calculated for various values of kz, using the LCAO method.
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by the 2KP model is a hyperboloid of one sheet and is in good
agreement with that calculated by the LCAO method for small
k (k== and kz< 0.15p/c). Also, the shape of the MSS
(dE¼ 0.0meV) surface calculated by the 2KP model is a
hyperboloid of two sheets and agrees with that calculated by
the LCAO method [see Fig. 3(b)]. On the ESS surface, the
change of kz is dramatically large in the range of small k==, but
shows a linear behavior for large k== that is predicted by the
2KP model, consistent with the result calculated by the LCAO
method. For a biaxially strained wurtzite material with
exx¼ 1.43%, the shape of the MSS (dE¼ 0.0meV) surface
calculated by the 2KP model is a hexagonal cone and is in
good agreement with that calculated by the LCAO method.
The shape of the ESS (dE¼ 0.1meV) surface calculated by
the 2KP model is a hyperboloid of one sheet and agrees with
that calculated by the LCAO method. However, for
FIG. 3. The MSS and ESS curves as a function of k//under various external strains in bulk wurtzite AlN for (a) biaxially strain with exx¼3.00% for dE¼ 0.0
and 0.1meV, (b) the unstrained wurtzite structure with exx¼ 0% for dE¼ 0.0 and 0.1meV, (c) biaxial strain with exx¼ 1.43% in dE¼ 0.0 and 0.1meV, (d)
biaxial strain with exx¼ 3.00% for dE¼ 0.0 and 0.1meV, as calculated for various values of kz using the 2KP and LCAO methods.
TABLE II. The signs of the 2KP parameters and the shapes of the MSS surface predicted by the 2KP and LCAO methods under different strains for wurtzite
AlN.
Strain% 5.00% exx1.00% 1.00%< exxþ1.43% þ1.43%< exxþ5.00%
2KP parameters awz > 0 awz > 0 awz < 0
cwz > 0 cwz < 0 cwz < 0
kwz < 0 kwz < 0 kwz < 0
awz/cwz > 0 awz/cwz < 0 awz/cwz > 0
awz/kwz < 0 awz/kwz < 0 awz/kwz > 0
Shape of MSS surface predicted by 2KP ellipsoid a hyperboloid of two sheets a hyperboloid of one sheet
Shape of MSS surface predicted by LCAO a hyperboloid of two sheets a hyperboloid of two sheets a hyperboloid of one sheet
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k== < 0.32p/c, the ESS data points (dE¼ 0.1meV) predicted
by the 2KP model do not exist, due to the lack of an analytical
solution for kz when ðdEþ 2awzk==  2cwzk3==Þ < 0 [see
Fig. 3(c)]. For a biaxially strained wurtzite with exx¼ 3.00%,
for k== < 0.1p/c, the shape of the ESS (dE¼0.1meV) sur-
face calculated by the 2KP model is an opposing hyperboloid
of one sheet and is in good agreement with that calculated by
the LCAO method for kz< 0.25p/c. However, the shape of
the MSS (dE¼ 0.0meV) surface calculated by the 2KP model
disagrees with that calculated by the LCAO method, since the
MSS data points in this case are far from the C point. In this
case, the MSS (ESS) surface for 0.1p/c< k== < 0.5p/c
predicted by the 2KP model does not exist, due to the lack
of an analytical solution for kz when ðdEþ 2awzk== 
2cwzk
3
==Þ < 0 [see Fig. 3(d)]. These results show that over the
range of biaxial strains, from tensile to compressive, the spin
splitting in wurtzite structures can be well described by the
2KP model near the zone center.
III. CONCLUSIONS
We have determined the ESS distribution near the MSS
surface of wurtzite AlN under different biaxial strains by
using the LCAO method and have compared them with
those calculated by using the 2KP model. LCAO calcula-
tions in the wurtzite Brillouin zone show that the MSS sur-
face can be described, over the range of biaxial strains from
tensile to compressive, by just three basic shapes: a hyper-
boloid of two sheets, a hexagonal cone, and a hyperboloid
of one sheet. It is also found that under biaxial compressive
strain, the ellipsoidal MSS surface predicted by the 2KP
model does not exist, as the MSS data points are far from
the C point in this case. Moreover, we have demonstrated
that the MSS and ESS surfaces calculated by the 2KP
model with an analytical formula are in good agreement
with LCAO calculations for small k, but disagree with
LCAO calculations for large k. Specifically, the analytical
solution of the 2KP model can identify the interplay
between the types-I and II WBIA effects, investigate the
ESS and the MSS surfaces, and accurately determine the
spin splitting near the zone center in wurtzite structures.
Therefore, the 2KP model is still valid and effective for the
study of spintronics in wurtzite semiconductors.
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